Polynomial Accelerated MCMC
and Other Sampling Algorithms Inspired by
Computational Optimization
Colin Fox

Abstract Polynomial acceleration methods from computational optimization can
be applied to accelerating MCMC. For example, a geometrically convergent MCMC
may be accelerated to be a perfect sampler in special circumstances. An equivalence
between Gibbs sampling of Gaussian distributions and classical iterative methods
can be established using matrix splittings, allowing direct application of Chebyshev
acceleration. The conjugate gradient method can also be adapted to give an accelerated sampler for Gaussian distributions, that is perfect in exact arithmetic.

1 Introduction
Standard Markov chain Monte Carlo (MCMC) algorithms simulate a homogeneous
Markov chain by performing a stationary linear iteration on the space of probability
distributions. The repeated application of a fixed kernel results in geometric convergence of the Markov chain, just as it does for the stationary linear iterative solvers
used to solve systems of linear equations. Stationary linear solvers were state-ofthe-art in the 1950’s, but are now considered very slow precisely because they are
geometrically convergent.
In this paper, methods for accelerating stationary linear iterations developed in
the field of numerical computation are applied to accelerating MCMC, both in the
general setting of a Markov chain designed to target an arbitrary distribution π (section 2), and also in the specific setting of Gibbs sampling from the multivariate
Gaussian distribution N 0, A−1 with known precision matrix A (sections 4 and 5).
We will see that polynomial acceleration of a geometrically convergent MCMC can,
in certain cases, generate perfect samples in finite time.
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The special case of Gibbs sampling applied to Gaussian distributions is precisely
equivalent to classical iterative methods for solving linear systems understood in
terms of matrix splittings, as shown in section 3. Chebyshev acceleration, which
is optimal in a certain sense for matrix-splitting methods, can therefore be used to
optimally accelerate the Gibbs sampler, as demonstrated in section 4. The conjugate
gradient optimization algorithm may also be viewed as a polynomial acceleration in
which the eigenvalues of the iteration operator are estimated within the iteration. A
‘conjugate gradient sampler’ for Gaussian distributions is presented in section 5.
This work takes place within our ongoing efforts in computational (Bayesian)
inference that utilizes sampling methods, specifically MCMC. In these problems
one wishes to evaluate expectations with respect to a given (posterior) target distribution π over a typically high-dimensional state space. Since the statistics over π
are analytically intractable, the best current technology is Monte Carlo integration
with importance sampling using samples drawn from π via a random-walk MCMC.
That can be very slow. By identifying sampling with optimization, at mathematical
and algorithmic levels, we look to adapt the sophisticated methods developed for
accelerating computational optimization to computational sampling.
We were also curious about Gibbs sampling being referred to as “stochastic relaxation” in [11], and whether this was related to the “relaxation” methods of numerical analysis in an intuitive sense or in a more formal mathematical sense.
Throughout this paper it is taken as understood that the tasks of computational
optimization and solution of systems of equations are equivalent; the normal equations for the optimization form the system to be solved. The terms solve and optimize
are used interchangeably.

2 Polynomial acceleration of MCMC
This section provides a cartoon of polynomial acceleration of distributional convergence in standard MCMC, to convey the ideas behind polynomial acceleration that
can get hidden in a more formal presentation. The weighted-subsampling scheme
in section 2.2 does not necessarily lead to a practical technique, but does show the
remarkable speedup possible.

2.1 Errors and convergence in standard MCMC
The algorithmic mainstay of MCMC methods is the simulation of a homogeneous
Markov chain {X0 , X1 , . . .} that tends to some desired target distribution π . The chain
is homogeneous because the Markov chain is constructed by repeatedly simulating
a fixed transition kernel P constructed so that π is invariant, i.e.,

πP = π,
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typically using Metropolis-Hastings (MH) dynamics that ensures that P and π are
in detailed balance.
When the chain is initialized with X0 ∼ π (0) , the n-step distribution (over Xn ) is

π (n) = π (n−1)P = π (0) P n .
The difference between this distribution and the target distribution π ,


π (n) − π = π (0) − π P n ,

(1)

is called the n-step distribution error. Note how the magnitude of the error goes to
zero according to the initial distribution error multiplied by the polynomial P n of
the transition kernel.
All iteration schemes lead to a n-step distribution error of this form, i.e. the initial
error multiplied by an n-th order polynomial Pn of the transition kernel. In numerical
analysis it is usual to write this error polynomial as a polynomial in I − P. Hence
the error polynomial in this case is
Pn (I − P) = P n = (I − (I − P))n

or

Pn (λ ) = (1 − λ )n.

(2)

All error polynomials satisfy Pn (0) = 1, since P = I leaves the iterate (and error)
unchanged. This error polynomial has only one (repeated) zero at λ = 1.
The second form in Eq. (2) emphasizes that the error polynomial may be evaluated over the eigenvalues of I − P. Since P is a stochastic kernel, all eigenvalues
of I − P are contained in [0, 2]. The error tends to zero when the eigenvalues of
I − P in directions other than π are bounded away from 0 and 2, as is guaranteed
by standard results for a convergent MCMC.
Thus, a homogeneous MCMC produces a sample correctly distributed as π either
after one step (when all eigenvalues of I − P in directions other than π equal 1), or
in the limit n → ∞ (when any eigenvalue in a direction other than π is not 1). In the
latter case, the distributional error in Eq. (1) will be dominated by the error in the
direction of the eigenvalue of I − P furthest from 1, λ∗ , hence decays as (1 − λ∗)n ,
and the convergence is geometric.

2.2 Acceleration by weighted subsampling
The key idea in polynomial acceleration is to modify the iteration so that the error
polynomial is ‘better’ than the stationary case in Eqs. (1) and (2), in the sense of
smaller error. A simple way to modify the iteration in the setting of MCMC is to
subsample with weights. This does not allow complete freedom in choosing the error
polynomial, hence there is room for improvement. (Finding an optimal modification
is an open problem.) The recipe I will use is: run n steps of a standard MCMC
starting at x(0) ∼ π (0) to produce the realization {x(1) , x(2) , . . . x(n) } and then choose
x = x(i) w.p. (with probabilities) {αi }ni=1 (where αi ≥ 0 and ∑i αi = 1). The resulting
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sample is distributed as the mixture model
n

x ∼ π (0) ∑ αi P i
i=1

with the individual distributions related by increasing powers of P. Weighted subsampling is also considered by Łatuszyński & Roberts [16]. The associated error
polynomial is then
n

Qn = ∑ αi (1 − λ )i
i=1

which is an n-th order Lorentz polynomial. Since we choose the coefficients {αi }ni=1
we have some freedom in choosing the error polynomial. In special circumstances,
it is possible to choose an error polynomial that is zero at the eigenvalues of I −
P other than λ = 0, in which case subsampling with weights generates a perfect
sample from π . That is possible, for example, when the sample space is finite, with s
states. Then I − P has at most s distinct eigenvalues and when the s − 1 eigenvalues
other than 0 can be the zeros of a Lorentz polynomial it is possible to choose Qn to
give zero distribution error.
Consider the simple example in which we want to sample from a state-space with
s = 3 states with target pmf π = (1/3, 1/3, 1/3). A Markov chain that targets π can
be generated by repeatedly simulating the transition matrix
 1 11 25 
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which can easily be seen to be in detailed balance with π and gives a chain that is
irreducible and aperiodic. Note that convergence is geometric, and that
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so that as n → ∞ the chain converges to a sample from π that is independent of the
starting state. This chain can be accelerated by weighted subsampling, as follows:
(1) (2) (3)
1. Start with (any) x(0) , simulate 3 steps with P to
 get x , x , x .
1 14 16
(1) (2) (3)
2. Sample x from (x , x , x ) w.p. 11 33 33 .

The resulting x is an exact draw from π , and independent of the starting state, be16
1
2
3
∞
P + 14
cause 11
33 P + 33 P = P . It is left as an exercise to explicitly construct
the error polynomial to see how the example was constructed.
As mentioned above, there are a few practical difficulties with this simple subsampling scheme. An obvious limitation is that the zeros of a Lorentz polynomial
only occur for eigenvalues that decorrelate the chain, in which case the polynomial
‘acceleration’ that draws exact (and i. i. d.) samples actually increases the variance
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in a CLT (see e.g. [16]). However, one might argue that distributional convergence
is improved, which may be important in some settings. A further difficulty occurs
when n needs to be large since we really want to specify the zeros of the error polynomial yet these are not a stable numerical function of the {αi }. Furthermore, n must
be chosen in advance which is typically not convenient. All these difficulties may
be circumvented in the case of a Gaussian target by using a second-order iteration.

3 Gibbs sampling of Gaussians is Gauss-Seidel iteration
The Gibbs sampling algorithm [11] repeatedly samples from (block) conditional distributions of π . We consider the simplest, and original, version of Gibbs sampling in
which one iteration consists of conditional sampling along each coordinate direction
in sequence, see e.g. Turčin 1971 [21], also known as Glauber dynamics [12], the
local heat-bath algorithm [5], and the sequential updating method.

3.1 Normal distributions
We now focus on the case of Gibbs
sampling from the multivariate Normal (or

Gaussian) distribution N 0, A−1 with known precision matrix A. This situation
commonly occurs in (hierarchical) Bayesian analyses when spatial dependencies are
modelled via neighbourhood relationships, leading to a Gaussian Markov random
field (GMRF) with sparse precision matrix [15]. Both A and the covariance matrix
Σ = A−1 are symmetric positive definite. In d dimensions the density function is
(written in the natural parametrization)
r


1 T
det(A)
T
x
Ax
+
b
x
.
(3)
−
exp
π (x) =
2π d
2
The mean vector x̄ satisfies
Ax̄ = b

(4)

which gives the first indication that solution of linear equations is relevant to Gaussian distributions.
Cholesky factorization is the preferred method for solving moderately sized linear systems with symmetric and positive definite coefficient matrix, and also for
sampling from moderate dimension Gaussian distributions [19] (also called global
heat bath [5]). We are interested in the case where the state-space dimension d is
large and A is sparse. Then, iterative methods such as the Gibbs sampler are attractive as the main cost per iteration is operation by the precision matrix A, which is
cheap, and memory requirements are low.
The Gibbs sampler updates components via the conditional distributions, which
are also Gaussian. Hence choosing π (0) to be Gaussian results in a sequence of
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Gaussian n-step distributions. Since these n-step distributions converge to π , the
sequence of n-step covariance matrices converge to Σ , i.e., Σ (n) → Σ . One of the
motivations for this work was to understand what decomposition of the matrix Σ
this sequence is effectively performing. Many matrix decompositions are known in
numerical analysis and we were curious to see if Gibbs sampling was effectively
performing one of them.

3.2 Matrix formulation of Gibbs sampling from N(0, A−1 )
Let y = (y1 , y2 , ..., yn )T denote the state of the Gibbs sampler. Component-wise
Gibbs updates each component in sequence from the (normal) conditional distributions. One ‘sweep’ over all n components can be written [14]
y(k+1) = −D−1 Ly(k+1) − D−1 LT y(k) + D−1/2z(k)

(5)

where D = diag(A), L is the strictly lower triangular part of A, and z(k−1) ∼ N(0, I).
Since D is invertible, the iteration can be written as the stochastic AR(1) process
y(k+1) = Gy(k) + c(k)
where c(k) are i. i. d. draws from a ‘noise’ distribution with zero mean and finite
covariance.

3.3 Matrix splitting form of stationary iterative methods
Since about 1965, the matrix splitting formalism has been the standard for formulating and understanding the classical iteration schemes used to solve linear systems
of equations, as in Eq. (4). The splitting A = M − N converts the linear system to
Mx = Nx + b. When M is invertible, this may be written
x = M−1 Nx + M−1 b.
Classical iterative methods compute successive approximations to the solution by
repeatedly applying the iteration
x(k+1) = M−1 Nx(k) + M−1 b
= Gx(k) + g.
The iteration is convergent if the sequence of iterates converge for any x(0) .
Many splittings use terms in A = L + D + U where L is the strictly lower triangular part of A, D is the diagonal of A, and U is the strictly upper triangular part of
A. For example, Gauss-Seidel iteration, that sequentially solves for each component
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using the most recent values, corresponds to the splitting M = L + D. The resulting
iteration for a sweep over all components in sequence is
x(k+1) = −D−1 Lx(k+1) − D−1 LT x(k) + D−1 b.

(6)

The similarity between Gauss-Seidel iteration in Eq. (6) and the matrix formulation of Gibbs sampling in Eq. (5) is obvious. The only difference is that whereas in
each iteration of Gauss-Seidel the constant vector D−1 b is added, in Gibbs sampling
the i. i. d. random vector D−1/2 z(k) is added. This equivalence has been known for
some time; it was explicitly stated in Amit and Grenander 1991 [2] and is implicit
in Adler 1981 [1].

3.4 Matrix splittings give generalized Gibbs samplers
The standard Gibbs sampler in Eq. (6) and Gauss-Seidel iteration in Eq. (5) are
equivalent in the sense that they correspond to the same splitting of the precision
matrix. In fact any splitting of the precision matrix leads to a (generalized) Gibbs
sampler for N(0, A−1 ). What makes this equivalence interesting and useful is that
the generalized Gibbs sampler converges (in distribution) if and only if the stationary linear iteration converges (in value); hence convergent Gibbs samplers are
equivalent to convergent matrix splittings. The following theorem formalizes this
statement.
Theorem 1. Let A = M − N be a splitting with M invertible. The stationary linear
solver
x(k+1) = M−1 Nx(k) + M−1 b
(k)

= Gx

(7)

−1

+M b

converges, if and only if the random iteration
y(k+1) = M−1 Ny(k) + M−1 c(k)
= Gy(k) + M−1 c(k)

(8)

iid

converges in distribution. Here c(k) ∼ πn is any ‘noise’ distribution that has zero
mean and finite variance.
Proof. (outline) Each converges iff the spectral radius ρ (G) < 1.

⊔
⊓

A complete proof is given in Fox & Parker 2013 [9]. (A more general theory
allowing G to be random can be found in [6].) We first saw this result in one direction in Goodman & Sokal 1989 [14] and Galli & Gao 2001 [10]. Further, it can
be shown [9] that the mean converges with asymptotic convergence factor ρ (G),
and covariance with ρ (G)2 (see also [18]). Thus, the rate of convergence is also
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the same for both the Gibbs sampler and the linear solver derived from a splitting.
Hence the optimal solver leads to the optimal Gibbs sampler, and vice versa.

3.5 Some (not so common) Gibbs samplers for N(0, A−1)
There are many matrix splittings known in the numerical analysis community, with
conditions for convergence being well established. Most introductory texts on numerical analysis cover the topic of stationary iterative methods and give several
classical splittings. Some of these are tabulated in Table 1 with increasing sophistication and (roughly) speed listed from top to bottom. Conditions that guarantee
convergence, taken from the numerical analysis literature, are also listed for the
case where A is symmetric positive-definite.
Table 1 Some classical matrix splittings and the derived Gibbs samplers. Conditions for convergence are given in the right-most column, for A symmetric positive definite. Jacobi iteration
converges when A is strictly diagonally dominant (SDD).
splitting/sampler M
Richardson
Jacobi
GS/Gibbs
SOR/B&F
SSOR/REGS

Var(c(k) ) = MT + N

1
2
ωI
ω I−A
D
2D − A
D+L
D
1
2−ω
ω D+L
ω D

ω
ω
−1 MT
−1 T
T
−1
M
D
SOR
SOR 2−ω MSOR D MSOR + NSOR D NSOR
2−ω

converge if
2
0 < ω < ρ (A)
A SDD
always
0<ω <2
0<ω <2

The convenience of a splitting depends on being able to cheaply solve systems of
the form Mu = r given any vector r. When the splitting is used to generate a Gibbs
sampler, as in Eq. (8), it is also necessary to draw realizations of the noise c(k) ∼
N(0, MT + N), so the covariance matrix MT + N needs to have some convenient
form.
It is interesting to note that the simplest splittings – Richardson and Jacobi – give
simple stationary iterative solvers because it is cheap to operate by M−1 in these
cases. However, the required noise covariance matrix is not necessarily simple and
so these splittings don’t give particularly useful Gibbs samplers.
The Gauss-Seidel (GS) splitting, that gives the standard component-wise Gibbs
sampler, hits a ‘sweet-spot’ in terms of simplicity of the required matrix solution
and noise sampling problems. The matrix M is lower-triangular, so operation by
M−1 is straightforward by forward substitution, while the noise covariance is diagonal which presents a simple sampling problem. It is no surprise, therefore, that
the standard Gibbs sampler was the first of these methods to be discovered. We see
from the right column in Table 1 that the Gauss-Seidel iteration is unconditionally
convergent, hence Thm. 1 guarantees that so is the component-wise Gibbs sampler
– but we already knew this from standard convergence results for the Gibbs sampler.
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An early method for accelerating the Gauss-Seidel iteration, due to Young and
ω and modifies the iteration to
Frankel in 1950, introduces
 a relaxation parameter

(k+1)
(k)
(k)
−1
x
= (1 − ω )x + ω Gx + M b . This successive over-relaxation (SOR)
method effectively uses the splitting shown on the row labeled SOR in Table 1. It can
be shown that the method converges for 0 < ω < 2, though finding values of ω that
actually increase convergence speed is problem-specific and can be difficult. The
equivalent accelerated Gibbs sampler has been discovered a few times: initially by
Adler in 1981 [1] in the physics literature, later in the statistics literature by Barone
& Frigessi in 1990 [4] who subsequently referred to it (immodestly) as the ‘method
of Barone and Frigessi’, and in Amit & Grenander 1991 citeAmitGrenander91.
A symmetric splitting, for which M and hence N is symmetric, has the desirable
property that the iteration operator G has real eigenvalues. A simple way to achieve
this is to perform a forwards then backwards sweep of SOR giving the symmetric
successive over-relaxation (SSOR) method introduced by Young [22]. The effective splitting is listed in Table 1. The equivalent Gibbs sampler was introduced by
Roberts & Sahu 1997 [18] as a reversible kernel produced by a forward then backward sweep of the standard Gibbs sampler, under the title of the REGS sampler.
Polynomial acceleration of this sampler is developed in the next section.

4 Polynomial acceleration of Gibbs sampling
Sampling from N(x̄, A−1 ), where Ax̄ = b, using the matrix splitting A = M − N,
with M invertible, determines the iteration operator G = M−1 N and noise distribuiid
tion c(k) ∼ N(0, MT + N). One sweep of the resulting Gibbs sampler is the matrix
iteration
y(k+1) = Gy(k) + M−1 (c(k) + b)
(9)
that combines Eqs. (7) and (8) to converge in both mean and covariance.

4.1 A closer look at convergence
Since both the mean and covariance are invariant under the iteration in Eq. (9), the
n-step error in the mean is
 
h  
i
E y(n) − x̄ = Gn E y(0) − x̄ ,
and the error in variance is
i
h
 
 
Var y(n) − A−1 = Gn Var y(0) − A−1 Gn .
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Both these error terms show that the n-step error is the initial error operated on by
the n-th order (matrix) polynomial Gn . Hence, the asymptotic average convergence
factor is ρ (G) for the mean, and ρ (G)2 for the covariance. These results also appear
in Roberts & Sahu 1997 [18].
Thus, the error polynomial for the iteration is
n
Pn (I − G) = (I − (I − G))n = I − M−1 A
or Pn (λ ) = (1 − λ )n

which has the same form as in Eq. (2) because this iteration is also stationary, though
now the eigenvalues are of the matrix M−1 A.
In particular, the solver and sampler have exactly the same error polynomial. This
is a very important observation, since it means that methods for improving the error
polynomial of the solver will also improve convergence of the generalized Gibbs
sampler. Further, since the solver and sampler have exactly the same asymptotic
average convergence factor, the optimal solver will also be the optimal sampler.
Thus, the task of finding a fast Gibbs sampler (for Gaussian distributions) is reduced
to the task of consulting the numerical linear algebra literature to find a fast linear
iterative solver.

4.2 Chebyshev acceleration
Golub and Varga 1961 [13] introduced the splitting


1
1
M − N,
A = M+ 1−
τ
τ
with parameter τ , that the gives the iteration operator

Gτ = I − τ M−1 A .

(10)

Repeated iteration using this splitting results in the error polynomial Pn (λ ) =
(1 − τλ )n , while n iterations using the sequence of parameters τ1 , τ2 , . . . , τn results
in the error polynomial
n

Pn (λ ) = ∏ (1 − τl λ ) .
l=1

Note that the zeros of Pn can be chosen; they are just 1/τ1 , 1/τ2 , . . . , 1/τn . The resulting iteration is non-stationary (because the iteration operator changes each iteration), hence the derived Gibbs sampler simulates a non-homogeneous Markov
chain.
When estimates of the extreme eigenvalues λmin and λmax of M−1 A are available
(λmin and λmax are real when M is symmetric), the error polynomial may be chosen
to be optimal in the sense that it has minimum maximum modulus over the interval [λmin , λmax ]. The solution is the well-known scaled Chebyshev polynomial with
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Fig. 1 The default error polynomial (dashed) and Chebyshev error polynomial (solid) after 10
iterations. Vertical dotted lines show the minimum and maximum eigenvalues of M−1 A.

zeros


1
λmax + λmin λmax − λmin
2l + 1
=
+
cos π
τl
2
2
2n

l = 0, 1, 2, . . . , n − 1.

(11)

The potential improvement in rate of convergence achievable by the Chebyshev
error polynomial is shown in Fig. 1 that shows the Chebyshev (solid) and default
(dashed) error polynomials for a random covariance over d = 10 variables, after
n = 10 iterations.
The largest value of the default error polynomial occurs at the extreme eigenvalues of M−1 A, as we expect from standard MCMC convergence theory. The Chebyshev polynomial achieves a much lower maximum value over the interval, at the
expense of some ‘ripple’ in the interval that is of no consequence for convergence.
In this case the Chebyshev acceleration gives a factor of 300 improvement in convergence, i.e. the distribution error is 300 times smaller, after just 10 iterations.
An explicit calculation of the maximum of the scaled Chebyshev polynomial over
the interval [λmin , λmax ] shows that the asymptotic average reduction factor (see e.g.
Axelsson 1996 [3]) is
p
1 − λmin /λmax
p
σ=
,
1 + λmin /λmax
and that this is necessarily better (smaller) than the per-iteration error reduction
factor of the un-accelerated iteration.

4.3 Second-order accelerated sampler
The first-order polynomial-accelerated iteration turns out to be numerically unstable, because the iteration operators in Eq. (10) may have spectral radius greater than
1, and also suffers from having to choose the number of iterations n in advance.
Numerical stability, and optimality at each step, is given by the second-order itera-
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y(k+1) = (1 − αk )y(k−1) + αk y(k) + αk τk M−1 (c(k) − Ay(k) )

(12)

with αk and τk chosen so the error polynomial satisfies the Chebyshev recursion.
Theorem 2. If {αk } and {τk } are such that the 2nd -order solver converges, then the
2nd -order sampler in Eq. (12) converges. Further, the error polynomial is optimal,
at each step, for both mean and covariance.
A proof of this theorem and details of a practical second-order Chebyshev accelerated Gibbs sampling algorithm are given in Fox and Parker 2013 [8].

4.3.1 An example with d = 10 × 10
Consider the locally-linear Gaussian distribution defined by the precision matrix [15]

 ni if i = j,
[A]i j = 10−4δi j + −1 if i 6= j and ||si − s j ||2 ≤ 1,

0 otherwise.

We compute an example on the square 10 × 10 lattice, so the problem dimension is
d = 100. The precision matrix inherits the neighbourhood structure of the lattice, so
is sparse, with non-zero pattern:

The convergence in n-step covariance of various Gibbs samplers applied to this distribution is shown in Fig. 2. The dashed line shows the SSOR (or REGS) sampler
using the optimal SOR parameter of ω = 1.6641. The solid curve shows the standard REGS (forward and backward sweep of Gibbs) sampler (ω = 1). Dash-dot
lines show the Chebyshev accelerated SSOR sampler. It is clear that the Chebyshev
accelerated sampler is considerably faster than standard Gibbs sampling, in this case
≈ 104 times faster. The dotted lines in Fig. 2 show the work and error for a sample
drawn using the Cholesky factorization of A, and confirm that Cholesky factoring is
the method of choice for moderately-sized problems.

4.3.2 An example with d = 106
Fig. 3 shows a sample from a locally linear Gaussian random field, with the same
definition of the precision matrix as the previous example, on the 3-dimensional lattice with d = 100 × 100 × 100, computed using the Chebyshev accelerated SSOR
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Fig. 2 Convergence of n-step covariance as a function of computational work, for plain and accelerated Gibbs samplers applied to d = 100 dimensional problem. The work and error for the
Cholesky factorization is shown as dotted lines, for reference.

Fig. 3 Slices through a sample on the 3-dimensional lattice with d = 100 × 100 × 100.

sampler. This problem has d = 106 which is much larger than could be calculated
using a Cholesky factorization. However, the iterative structure of the Gibbs sampler
is able to take advantage of the sparse precision matrix, which is the only special
structure exploited here. (The Fourier transform is also applicable in this case because the GMRF is stationary.)
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5 A conjugate gradient sampling algorithm
The conjugate gradient (CG) optimization method may be viewed as a polynomial
acceleration in which the optimal error polynomial is chosen by also calculating the
eigenvalues of the iteration operator within the procedure. However, we present the
method here by focusing on the mutually A-conjugate directions that are generated
at each iteration.
Fig. 4 shows a schematic of the iterative structure implemented by Gauss-Seidel
(left) and conjugate gradient optimization (right) of a quadratic function in d = 2
dimensions. The sequence of search directions is depicted by dashed lines. The
Gauss-Seidel iteration performs optimization along each coordinate direction, in sequence. As we have seen, this implements exactly the same iteration structure as
the Gibbs sampler, depicted by solid lines with the sequence of conditional samples denoted x(0) , x(1) , etc. In contrast the CG algorithm uses a sequence of search
directions that are mutually A-conjugate, seeded by the gradient at each iterate, as
depicted in the right panel of Fig. 4. By performing conditional sampling along
this sequence of directions, as opposed to 1-dimensional optimization, we get the
conjugate gradient sampler (solid lines).

x2
p

x(1)
x

x2
5(0)=p(0)

(0)

x(2)

(1)

p

x

(1)

(1)

p
x(2)
x

5(1)

x

x

x

(0)

x1

Gibbs sampling & Gauss Seidel

x

(0)

x1

CG sampling & optimization

Fig. 4 Schematic in d = 2 dimensions depicting the path taken by the Gauss-Seidel iteration and
Gibbs sampler (left) and the CG optimizer and sampler (right). Contours of the quadratic objective function and log-target density are also shown. Path of the optimizer shown in dotted lines,
sampler shown in solid lines. Search directions are p(0) , p(1) , . . ., iterates are x(0) , x(1) , . . ., while
∇(0) , ∇(1) , . . . show the direction of gradients at iterates.

Mutually conjugate vectors (with respect to A) are independent directions for
N(0, A−1 ), since
VT AV = D ⇒ A−1 = VD−1 VT
where V has mutually conjugate
columns and D is a diagonal matrix. Hence, if
√
z ∼ N (0, I) then x = V D−1 z ∼ N(0, A−1 ). Thus the problem of sampling from
N(0, A−1 ) is reduced to sampling from standard normal distributions. Both the
Cholesky factorization and eigen-decomposition are examples of sets of mutually
conjugate vectors [7].
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Algorithm 1 (CD sampler producing x ∼ N(0, A−1 )). Initialize x and b (Ax 6= b)
1. r ← b − Ax
2. p ← r
3. for k = 1 to n do:
4. q ← Ap
5. set d ← qT p, e ← qT x/d, f ← pT√b/d
6. draw z ∼ N (0, 1) and set α ← z/ d
7. x ← x + (α − e)p
8. b ← b + (α − f ) q
9. r ← r − ( f − e)q
rT q
p
10. p ← r −
d

The sequential conjugate-direction algorithm given in Fox 2008 [7] is shown in
Alg. 1. This algorithm operates locally, so can potentially be generalized to nonGaussian targets. An earlier Krylov-space method was presented in Schneider &
Willsky 2003 [20]. Ceriotti et al. [5] gave an algorithm that solves Ax = b by standard linear CG and separately accumulates the sample y. They mitigated problems
associated with loss of conjugacy and degenerate eigenspaces by a combination of
random restarts and orthogonalization over a small set of vectors. Parker and Fox
2012 [17] presented a convergence criterion based on the residual, also for an algorithm that solves Ax = b by standard linear CG and separately accumulates the
sample y. They also established that, after k steps, Var(yk ) is the CG polynomial,
and gave following best-approximation property:
Theorem 3. (Parker 2009)
The covariance matrix
Var(yk |x0 , b0 ) = Vk Tk−1VkT
has k non-zero eigenvalues which are the Lanczos estimates of the eigenvalues of
A−1 . The eigenvectors of Var(yk |x0 , b0 ) are the Ritz vectors Vk vi which estimate the
eigenvectors of A.
That is, the k-step variance Var(yk |x0 , b0 ) approximates A−1 in the eigenspaces corresponding to the extreme and well separated eigenvalues of A.
Fig. 5 shows two samples drawn from a 100 × 100-dimensional Gaussian field
with a second-order locally linear precision matrix. The left panel was drawn using
the CG sampler of Parker and Fox 2012 [17], while the right sample was evaluated using the Cholesky factorization of A. Loss of conjugacy in the CG algorithm
means that the algorithm terminates before sampling all d-dimensions of the problem. For typical covariance functions, this results in over smooth samples as can
be seen in the left panel of Fig. 5. However, the connection with iterative solvers
immediately suggests the efficient solution which is to initialize the (accelerated)
Gibbs sampler with the CG sample. This plays to the strengths of each method;
the CG sampler efficiently calculates smooth structures in the Gaussian field, while
relaxation techniques such as Gauss-Seidel (hence Gibbs sampling) are efficient in
removing high-frequency errors.
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Fig. 5 A CG sample (left panel) x ∼ N(0, A−1 ) from a 100 × 100-dimensional Gaussian field with
a second-order locally linear precision matrix. The realized variance Var(x) accounts for 80% of
the variability in A−1 . A Cholesky sample is shown on the right panel.

6 Discussion
The motivating query of whether “stochastic relaxation” is formally equivalent to
“relaxation” has been answered in the affirmative, in the Gaussian setting; Gibbs
sampling is precisely equivalent to Gauss-Seidel iteration. This result generalizes
to any splitting of the precision matrix, to give both a “stochastic relaxation” and
a “relaxation” with identical conditions for convergence, rates of convergence, and
error polynomial.
Hence, existing efficient solvers (multigrid, fast multipole, parallel tools) can
all be used to perform sampling from Gaussian distributions; indeed, these ‘best’
solvers are necessarily the ‘best’ samplers for Gaussian distributions.
As was shown in section 2, polynomial acceleration may also be applied to
the Markov chain that targets a non-Gaussian distribution. The example presented,
while rather special and not of practical use, did demonstrate that polynomial acceleration of a geometrically convergent chain can lead to an algorithm that draws
‘perfect’ samples in finite compute time.
For general target distributions, Chebyshev acceleration of convergence in mean
and covariance is also not limited to Gaussian targets. The requirement of explicitly
knowing the precision matrix A may be circumvented by adapting to it [8]. Applications in the setting of diffusion tomography show good results, though no proof
of convergence exists for the accelerated adaptive algorithm.
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